Given a simple connected undirected graph G, the Wiener index W (G) of G is defined as half the sum of the distances over all pairs of vertices of G. In practice, G corresponds to what is known as the molecular graph of an organic compound. We obtain a sharp lower bound for W (G) of an arbitrary graph in terms of the order, size and diameter of G.
information about Wiener index in chemistry and in mathematics, see [6] , [2] and [3] . In this paper, for any graph G, we obtain a sharp lower bound for W (G) in terms of the order, size and diameter of G.
Lower bound for W (G)
Let S 2 (G) be the set of all 2-subsets of V (G) (that is, the set of all unordered pairs of distinct vertices of G). We can then equivalently define W (G) as
(1)
We partition S 2 (G) into disjoint sets X, Y and Z defined as follows:
| none of u and v is in P }, and Z = {{u, v} ∈ S 2 (G)| one of u and v alone is in P }.
It follows that
From (1), we have
We next obtain a lower bound for the summation term on the right hand side of equation (3). We first assume that d ≥ 5. Fix one vertex w in V (G) \ V (P ), where
is the set of vertices of P . Then, by triangle inequality, we have
Therefore, for each of the (n − d − 1) choices of w, we have
Since each summand on the right side of (6) is nonnegative, so is each summand on the right side of (7). Hence the term on the right side of (6) is
2 ) 2 if d is odd, and
Thus, for each fixed w ∈ V (G) \ V (P ) we have
if d is even.
In conclusion, for d ≥ 5, we have
, if n is odd,
, if n is even.
We now consider the cases when d = 2, 3 and
from (2), we get
Now consider the case when d = 3. Then d(u, v) =1, 2 or 3. Hence from (2) we get
as there is at least one pair with
Finally if d = 4, we have
= 4 in this case.
To conclude, we have proved the following result:
If G is any graph of order n, size m and diameter d ≥ 2 then
, if n is odd.
Remark 1:
Let the maximum degree of G be ∆. The Moore bound (see for example [7] ) gives an upper bound for n in terms of ∆ and the diameter d: 
Remark 2:
If G is known to be planar and if d is known to be bounded by a constant then we can compute the exact value of d in time O(n) as shown in [4] . In turn, this implies that the lower bound on W (G) in (9) can be computed in time O(n) if G is planar.
We observe that the lower bound given in Theorem 1 is sharp. The graphs P n , K 1,m (m:odd), C 3 K 2 and the Petersen graph attain the bound.
